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a b s t r a c t
In this paper, we introduce a basic reproduction number for a multigroup epidemic model
with nonlinear incidence. Then, we establish that global dynamics are completely deter-
mined by the basic reproduction number R0. It shows that, the basic reproduction number
R0 is a global threshold parameter in the sense that if it is less than or equal to one, the
disease free equilibrium is globally stable and the disease dies out; whereas if it is larger
than one, there is a unique endemic equilibrium which is globally stable and thus the dis-
ease persists in the population. Finally, a numerical example is also included to illustrate
the effectiveness of the proposed result.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Multigroupmodels have been introduced in the literature to describe the transmission dynamics of infectious diseases in
heterogeneous host populations, such as measles, mumps, gonorrhea, HIV/AIDS, West-Nile virus and vector borne diseases
such as Malaria. Many factors can lead to heterogeneity in a host population. Groups can be divided geographically into
communities, cities, and countries, or epidemiologically, to incorporate differential infectivity or co-infection of multiple
strains of the disease agent. The seminal paper by Lajmanovich and Yorke [1] on a class of SIS multigroup models for the
transmission dynamics of Gonorrhea is one of the earliest works on multigroup models. In that paper, a complete analysis
of the global dynamics is established, and the proof of the global stability of the unique endemic equilibrium using a global
Lyapunov function is given. Much research has been done on multigroup models in recent years as well, see, for example,
[2–9] and references therein. It is well known that the global dynamics of multigroupmodels in high dimensions, especially
the global stability of the endemic equilibrium, is a very challenging problem. The question of uniqueness and global stability
of the endemic equilibrium,when the basic reproduction number R0 is greater than one, has largely been open inmost cases.
Recently a graph–theoretic approach to the method of global Lyapunov functions was proposed in [10–12] and it was
used to establish the global stability of a unique endemic equilibrium of a multigroup SEIR model described by a system of
ordinary differential equations. Their results completely solve the open problem on the uniqueness and global stability of
endemic equilibrium for this class of multi-groupmodels. By using the results or ideas of the paper [10], the uniqueness and
global stability of the endemic equilibrium for several classes of multigroup epidemic models were investigated in [11–15],
when the basic reproduction number R0 is greater than 1, and some previously open problems were resolved.
In general, amultigroupmodel is formulated by dividing the population of sizeN(t) into n distinct groups. For 1 ≤ k ≤ n,
the k-th group is further partitioned into three compartments: the susceptible, infectious, and recovered, whose numbers of
individuals at time t are denoted by Sk(t), Ik(t) and Rk(t), respectively. The nonlinear term βkjfkj(Sk, Ij) represents the cross
infection from group j to group k. The influx of individuals into the k-th group is given by a constantΛk, of which a fraction
pk is assumed to be immune, and the remaining fraction 1− pk is susceptible. A simple immunization policy is considered
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where a fraction θk of the compartment Sk is vaccinated. The matrix B = (βij)n×n is an irreducible contact matrix, where
βij ≥ 0. Within the k-th group, it is assumed that natural death occurs in Sk, Ik and Rk compartments with rate constants dSk ,
dIk and d
R
k , respectively. Individuals in Ik have an additional mortality due to the disease with a constant rate ϵk. We assume
that individuals in Ik recoverwith a constant rate γk, and once recovered they remain permanently immune to the disease. In
addition δk is the recovery rate of infected individuals in the k-th group Rk. Based on these assumptions, a generalmultigroup
epidemic model with nonlinear incidence is described by the following system of differential equations:
S ′k = (1− pk)Λk − (dSk + θk)Sk −
n−
j=1
βkjfkj(Sk, Ij),
I ′k =
n−
j=1
βkjfkj(Sk, Ij)− (dIk + ϵk + γk)Ik,
R′k = pkΛk + θkSk + γkIk − (dRk + δk)Rk
(1)
for 1 ≤ k ≤ n. The model in this form covers many previous ones in the literature, for example, [10,16].
In this paper, we consider the global dynamic behavior of the general multigroup SIRmodel (1). It is shown that the basic
reproduction number R0 (defined in Section 2) is a global threshold value in the sense that if it is less than or equal to one, the
disease free equilibrium is globally asymptotically stable and the disease dies out; whereas if it is larger than one, there is a
unique endemic equilibrium which is globally asymptotically stable and thus the disease persists in the population. These
main results are proved in Section 2. Finally, a numerical example and simulation is also included in Section 3 to illustrate
the effectiveness of the proposed result.
2. Main results
For each k, adding the three equations in (1), we obtain
(Sk + Ik + Rk)′ = Λk − dSkSk − (dIk + ϵk)Ik − (dRk + δk)Rk ≤ Λk − d∗k(Sk + Ik + Rk),
where d∗k = min{dSk, dIk + ϵk, dRk + δk}, then
lim sup
t→∞
(Sk + Ik + Rk) ≤ Λkd∗k
.
Similarly it follows from the first equation in (1) that
lim sup
t→∞
Sk ≤ (1− pk)Λk
dSk + θk
.
We assume the basic assumptions on functions fij(Si, Ij) as follows:
(H1) Define Cij(Si) = limIj→0+ fij(Si,Ij)Ij . Then for all 0 < Si ≤ S0i , 0 < Cij(Si) ≤ ∞, where S0i =
(1−pi)Λi
dSi +θi
;
(H2) fij(Si, Ij) ≤ Cij(Si)Ij for all Ij > 0 and 0 < Si ≤ S0i ;
(H3) Cij(Si) < Cij(S0i ), for all 0 < Si ≤ S0i .
Note that the class of fij(Si, Ij) satisfying (H1)–(H3) include many common incidence functionals such as fij(Si, Ij) = SiIj [10,
16], fij(Si, Ij) = ηSiIj1+θSi [2], fij(Si, Ij) =
kSiIj
1+αI2j
[9], fij(Si, Ij) = g(Si)h(Ij) [13], fij(Si, Ij) = Sigj(Ij) [17], fij(Si, Ij) = Sqi Ij [18],
fij(Si, Ij) = βSiIjφ(Ij) [19].
Since the variables Rk do not appear in the first two equations of (1), we can work on the reduced system as follows:
S ′k = (1− pk)Λk − (dSk + θk)Sk −
n−
j=1
βkjfkj(Sk, Ij),
I ′k =
n−
j=1
βkjfkj(Sk, Ij)− (dIk + ϵk + γk)Ik,
(2)
where k = 1, 2, . . . , n, in the feasible region
Γ =

(S1, I1, S2, I2, . . . , Sn, In) ∈ R2n+ : Sk ≤
(1− pk)Λk
dSk + θk
, Sk + Ik ≤ Λkd∗k
, k = 1, 2, . . . , n

. (3)
It can be verified thatΓ in (3) is positively invariantwith respect to (2). In addition, the behavior of Rk can then be determined
from the last equation in (1). Also let Γ ° denote the interior of Γ .
It is clear that P0 = (S01 , 0, S02 , 0, . . . , S0n , 0) is a disease-free equilibrium of the system (2), where S0i = (1−pi)ΛidSi +θi . An
equilibrium P∗ = (S∗1 , I∗1 , S∗2 , I∗2 , . . . , S∗n , I∗n ) in the interior Γ ° of Γ is called an endemic equilibrium, where S∗i , I∗i satisfy the
following equilibrium equations:
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(1− pk)Λk = (dSk + θk)S∗k +
n−
j=1
βkjfkj(S∗k , I
∗
j ), (4)
(dIk + ϵk + γk)I∗k =
n−
j=1
βkjfkj(S∗k , I
∗
j ). (5)
Set R0 = ρ(M0) to be the spectral radius of the following matrix
M0 = M(S01 , S02 , . . . , S0n) =

βijCij(S0i )
dIi + ϵi + γi

n×n
.
In case that Cij(S0i ) = ∞ for some i, j, we set R0 = ∞. In the epidemic literature R0 is referred to as the basic reproduction
number, and our definition here is consistent with the standard ones in [20,21].
We have the following result regarding the global stability of the disease-free equilibrium:
Theorem 2.1. Assume that B = (βij) is irreducible and (H1)–(H3) hold.
1. If R0 ≤ 1, then P0 is the unique equilibrium of the system (2) and it is globally stable in Γ .
2. If R0 > 1, then P0 is unstable and the system (2) is uniformly persistent in Γ °.
Proof. Similar to the proof of Proposition 3.1 of [10]. Since B is irreducible, then M0 is also irreducible. From the well-
known Perron–Frobenius Theorem, M0 has a positive principal eigenvector w = (w1, w2, . . . , wn) such that wk > 0,
k = 1, 2, . . . , n, andw · ρ(M0) = w ·M0.
We define a Lyapunov function V =∑nk=1 wkdIk+ϵk+γk Ik. Then we have
V ′ =
n−
k=1
wk
dIk + ϵk + γk
I ′k
=
n−
k=1
wk
dIk + ϵk + γk

n−
j=1
βkjfkj(Sk, Ij)− (dIk + ϵk + γk)Ik

≤
n−
k=1
wk
dIk + ϵk + γk

n−
j=1
βkjCkj(Sk)Ij − (dIk + ϵk + γk)Ik

≤
n−
k=1
wk
dIk + ϵk + γk

n−
j=1
βkjCkj(S0k )Ij − (dIk + ϵk + γk)Ik

= w · (M0I − I) = [ρ(M0)− 1]w · I
≤ 0, if ρ(M0) ≤ 1.
Here I = diag(I1, I2, . . . , In). If ρ(M0) < 1, then V ′ = 0 if and only if I = 0. If ρ(M0) = 1, then V ′ = 0 implies
n−
k=1
wk
dIk + ϵk + γk

n−
j=1
βkjCkj(Sk)Ij

=
n−
k=1
wkIk. (6)
If at least for one k = 1, 2, . . . , n, Sk ≠ S0k , then
n−
k=1
wk
dIk + ϵk + γk

n−
j=1
βkjCkj(Sk)Ij

<
n−
k=1
wk
dIk + ϵk + γk

n−
j=1
βkjCkj(S0k )Ij

= w ·M0I = w · ρ(M0)I = w · I,
which implies that (6) has only the trivial solution I = 0. Therefore, V ′ = 0 if and only if I = 0 or Sk = S0k for all 1 ≤ k ≤ n
provided that ρ(M0) ≤ 1. It can be verified that the only compact invariant subset of the set where V ′ = 0 is the singleton
{P0}. Hence by LaSalle’s Invariance Principle [22], P0 is globally asymptotically stable in Γ if ρ(M0) ≤ 1.
If R0 = ρ(M0) > 1 and I ≠ 0, then
w ·M0 − w = [ρ(M0)− 1] · w > 0,
and thus by continuity,
n−
k=1
wk
dIk + ϵk + γk

n−
j=1
βkjfkj(Sk, Ij)− (dIk + ϵk + γk)Ik

> 0
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in a neighborhood of P0 in Γ °. This implies that P0 is unstable. With a uniform persistence result from [23] and a similar
argument as in the proof of Proposition 3.3 of [5], the instability of P0 implies the uniform persistence of the system (2)when
R0 > 1. This completes the proof of Theorem 2.1. 
Now we show that the endemic equilibrium P0 of the system (2) is unique and globally asymptotically stable when
R0 > 1. Note that the system (2) is uniformly persistent if R0 > 1 from Theorem 2.1, togetherwith the uniform boundedness
of the solution of (2) in Γ °, then the system (2) admits at least one endemic equilibrium
P∗ = (S∗1 , I∗1 , S∗2 , I∗2 , . . . , S∗n , I∗n ), S∗i > 0, I∗i > 0, for 1 ≤ i ≤ n.
The global stability result about P∗ is as follow:
Theorem 2.2. Assume that B = (βij) is irreducible and (H1)–(H3) hold. If R0 > 1, P∗ is an arbitrary endemic equilibrium, and
fkj(Sk, Ij) satisfies the following conditions: for all Sk ≠ S∗k , 1 ≤ k ≤ n,
(Sk − S∗k )[fkk(Sk, I∗k )− fkk(S∗k , I∗k )] > 0, (7)
and for all Sk, Ij > 0, 1 ≤ k, j ≤ n,
(fkk(S∗k , I
∗
k )fkj(Sk, Ij)− fkj(S∗k , I∗j )fkk(Sk, I∗k )) ·

fkk(S∗k , I
∗
k )fkj(Sk, Ij)
Ij
− fkj(S
∗
k , I
∗
j )fkk(Sk, I
∗
k )
I∗j

≤ 0, (8)
then there exists a unique endemic equilibrium P∗ for the system (2), and P∗ is globally asymptotically stable in Γ °.
Proof. We prove that P∗ is globally asymptotically stable in Γ °, which implies that the endemic equilibrium is unique. Let
Vk =
∫ Sk
S∗k
fkk(ξ , I∗k )− fkk(S∗k , I∗k )
fkk(ξ , I∗k )
dξ + (Ik − I∗k ln Ik).
Then by using the equilibrium equations (4) and (5), one obtains
V ′k =

1− fkk(S
∗
k , I
∗
k )
fkk(Sk, I∗k )

·

(1− pk)Λk − (dSk + θk)Sk −
n−
j=1
βkjfkj(Sk, Ij)

+

1− I
∗
k
Ik

·

n−
j=1
βkjfkj(Sk, Ij)− (dIk + ϵk + γk)Ik

=

1− fkk(S
∗
k , I
∗
k )
fkk(Sk, I∗k )

·

(dSk + θk)S∗k +
n−
j=1
βkjfkj(S∗k , I
∗
j )− (dSk + θk)Sk −
n−
j=1
βkjfkj(Sk, Ij)

+

1− I
∗
k
Ik

·
n−
j=1
[
βkjfkj(Sk, Ij)− βkjfkj(S∗k , I∗j )
Ik
I∗k
]
= − d
S
k + θk
fkk(Sk, I∗k )
(Sk − S∗k )[fkk(Sk, I∗k )− fkk(S∗k , I∗k )]
+
n−
j=1
βkjfkj(S∗k , I
∗
j )

2− fkk(S
∗
k , I
∗
k )
fkk(Sk, I∗k )
− I
∗
k fkj(Sk, Ij)
Ikfkj(S∗k , I
∗
j )
− Ik
I∗k
+ fkk(S
∗
k , I
∗
k )fkj(Sk, Ij)
fkj(S∗k , I
∗
j )fkk(Sk, I
∗
k )

.
Let akj = βkjfkj(S∗k , I∗j ), and
Fkj(Sk, Ik, Ij) = 2− fkk(S
∗
k , I
∗
k )
fkk(Sk, I∗k )
− I
∗
k fkj(Sk, Ij)
Ikfkj(S∗k , I
∗
j )
− Ik
I∗k
+ fkk(S
∗
k , I
∗
k )fkj(Sk, Ij)
fkj(S∗k , I
∗
j )fkk(Sk, I
∗
k )
.
Then by condition (7),
V ′k ≤
n−
j=1
akjFkj(Sk, Ik, Ij).
Let Φ(a) = 1 − a + ln a, then it is easy to verify that Φ(a) ≤ 0 for any a > 0 and the equality holds only when a = 1.
Furthermore, under condition (8),
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Fkj(Sk, Ik, Ij) = Φ

fkk(S∗k , I
∗
k )
fkk(Sk, I∗k )

− ln

fkk(S∗k , I
∗
k )
fkk(Sk, I∗k )

+ Φ

I∗k fkj(Sk, Ij)
Ikfkj(S∗k , I
∗
j )

− ln

I∗k fkj(Sk, Ij)
Ikfkj(S∗k , I
∗
j )

− Ik
I∗k
+ 1+ Ij
I∗j
− Ij
I∗j
· fkk(Sk, I
∗
k )fkj(S
∗
k , I
∗
j )
fkj(Sk, Ij)fkk(S∗k , I
∗
k )
+

fkk(S∗k , I
∗
k )fkj(Sk, Ij)
fkj(S∗k , I
∗
j )fkk(Sk, I
∗
k )
− 1

·

1− Ij
I∗j
· fkk(Sk, I
∗
k )fkj(S
∗
k , I
∗
j )
fkj(Sk, Ij)fkk(S∗k , I
∗
k )

≤ − ln

fkk(S∗k , I
∗
k )
fkk(Sk, I∗k )

− ln

I∗k fkj(Sk, Ij)
Ikfkj(S∗k , I
∗
j )

− Ik
I∗k
+ Ij
I∗j
+Φ

fkk(Sk, I∗k )fkj(S
∗
k , I
∗
j )Ij
fkj(Sk, Ij)fkk(S∗k , I
∗
k )I
∗
j

− ln

fkk(Sk, I∗k )fkj(S
∗
k , I
∗
j )Ij
fkj(Sk, Ij)fkk(S∗k , I
∗
k )I
∗
j

+

fkk(S∗k , I
∗
k )fkj(Sk, Ij)
fkj(S∗k , I
∗
j )fkk(Sk, I
∗
k )
− 1

·

1− Ij
I∗j
· fkk(Sk, I
∗
k )fkj(S
∗
k , I
∗
j )
fkj(Sk, Ij)fkk(S∗k , I
∗
k )

≤ − ln

I∗k
Ik
· Ij
I∗j

− Ik
I∗k
+ Ij
I∗j
=

− Ik
I∗k
+ ln Ik
I∗k

−

− Ij
I∗j
+ ln Ij
I∗j

.
Taking Gk(Ik) = − IkI∗k + ln
Ik
I∗k
, then we can show that Vk, Fkj, Gk, akj satisfy the assumptions of Theorem 3.1 and Corollary 3.3
in [12]. Therefore, the function V =∑nk=1 ckVk as defined in the Theorem 3.1 of [12] is a Lyapunov function for the system
(2), namely, V ′ ≤ 0 for all (S1, I1, S2, I2, . . . , Sn, In) ∈ Γ . One can only show that the largest invariant subset where V ′ = 0 is
the singleton P∗ using the same argument as in [11,12]. By LaSalle’s Invariance Principle, P∗ is globally asymptotically stable
in Γ °. This completes the proof of Theorem 2.2. 
We remark that Lyapunov functions for similar models have been used in [11,13] and others. Here we take advantage
of the new general result proved in [12] to prove the global stability of endemic equilibrium for a more general class of
multigroup SIR models.
3. A numerical example
Consider the system (2) when k = 2, one has the two-group model as follows:
S ′1 = (1− p1)Λ1 − (dS1 + θ1)S1 −
[
β11
S1I1
1+ I21
+ β12 S1I21+ I22
]
,
I ′1 =
[
β11
S1I1
1+ I21
+ β12 S1I21+ I22
]
− (dI1 + ϵ1 + γ1)I1,
S ′2 = (1− p2)Λ2 − (dS2 + θ2)S2 −
[
β21
S2I1
1+ I21
+ β22 S2I21+ I22
]
,
I ′2 =
[
β21
S2I1
1+ I21
+ β22 S2I21+ I22
]
− (dI2 + ϵ2 + γ2)I2.
(9)
Here fkj(Sk, Ij) = SkIj1+I2j , for k, j = 1, 2. We use the parameter values as in Table 1.
Table 1
Sample values of parameters.
Parameter p1 p2 Λ1 Λ2 dS1 d
I
1 d
S
2 d
I
2 θ1 ϵ1 γ1 θ2 ϵ2 γ2
Value 1/2 1/3 2 3/2 1/4 1/4 1/8 1/8 1/4 3/4 1 3/4 3 7/8
If B =

β11 β12
β21 β22

=

5/12 1/12
1/12 5/12

, we have M0 =

5/12 1/12
1/12 5/12

, R0 = 0.5 < 1. Hence the disease-free equilibrium
P0 = (2, 0, 4, 0) is the unique equilibrium of the system (9) and it is globally stable in Γ from Theorem 2.1.
If B =

1 2
2 1

, we have M0 =

1 2
2 1

, R0 = 3 > 1. Then P∗ = (0.901, 0.275, 1.065, 0.183) is a unique endemic
equilibrium for the system (9) and it is globally asymptotically stable in Γ ° from Theorem 2.2.
The numerical simulations for these two examples are shown in Fig. 1.
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Fig. 1. Numerical simulations for (9) with parameter values in Table 1.
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